Abstract. Let R = ⊕ i∈N0 R n be a standard graded ring, R + := ⊕ i∈N R n be the irrelevant ideal of R and a 0 be an ideal of R 0 . In this paper, as a generalization of the concept of Castelnouvo-Mumford regularity reg(M ) of a finitely generated graded R-module M , we define the regularity of M with respect to a 0 + R + , say reg a0+R+ (M ). And we study some relations of this new invariant with the classic one. To this end, we need to consider the cohomological dimension of some finitely generated R 0 -modules. Also, we will express reg a0+R+ (M ) in terms of some invariants of the minimal graded free resolution of M and see that in a special case this invariant is independent of the choice of a 0 .
Introduction
Let R = ⊕ i∈N 0 R n be a standard graded algebra; so that R 0 is a Noetherian ring and R is a N 0 -graded R 0 -algebra which can be generated by finitely many elements of R 1 . Also, assume that M is a finitely generated graded R-module. Then, it is well-known that for all i ∈ N 0 , H i R + (M) carries a natural grading and that H i R + (M) n = 0 for all n ≫ 0 (see [3, chap. 13] ). An important concept concerning this fact, called Castelnouvo-Mumford regularity of M, is defined to be reg R + (M) := sup{end(H i R + (M)) + i|i ∈ N 0 }, where for a graded R-module X = ⊕ i∈Z X n , end(X) := sup{n ∈ Z|X n = 0} with sup{∅} := −∞.
In addition, according to [10] ( [7] , [14] or [16] ), if (R 0 , m 0 ) is local and a 0 is an ideal of R 0 then H i a 0 +R + (M) n = 0 for all i ∈ N 0 and all n ≫ 0. There, they generalized the a * -invariants of M, defined by a * (M) := sup{end(H i R + (M))|i ∈ N 0 }, to the a * -invariants of M with respect to a 0 + R + by a * a 0 +R + (M) := sup{end(H i a 0 +R + (M))|i ∈ N 0 }(< ∞) and showed that these two invariants are actually equal, i.e. a * a 0 +R + (M) = a * (M).
As a generalization of the concept reg R + (M) we define the regularity of M with respect to the ideal a 0 + R + at and above level k(∈ N 0 ) by (see [6] and [8] ) and we set reg a 0 +R + (M) := reg
Now, in view of the above equality of a * -invariants, it is natural to ask:
In Section 2 of this paper we consider this question and show that it is not the case in general. However, there are some relations between them in terms of some cohomological dimensions (see 2.5 and 2.11). Also, using the graded minimal free resolution of M, we show that, in a special case, reg a 0 +R + (M) is independent of the choice of a 0 (see 2.13).
In Section 3, in view of the results in Section 2 concerning relations between cohomological dimensions and regularity, we study some cohomological dimension formulas.
Throughout the paper, unless otherwise stated, R = ⊕ i∈N 0 R n will denote a standard graded ring, a 0 an ideal of R 0 and M a finitely generated graded R-module.
Castelnuovo-Mumford regularity
The following example answer the question 1.1 in a negative way. 
Definition 2.2. The arithmetic rank of an ideal a of R, denoted by ara(a), is defined to be
Although, according to the above example, reg a 0 +R + (M) = reg R + (M) but we have the following relation between them.
Proof. Assume that ara(a 0 ) = t and x 1 , · · · , x t ∈ R 0 such that rad(a 0 ) = rad((x 1 , · · · , x t )). We use induction on t. Let t = 1 and x := x 1 . Then, in view of [3, 5.1.22] , for all n ∈ Z and all i ∈ N 0 there is an exact sequence
. So, the above exact sequence implies that for all n > reg(M) + 1,
Which proves the claim in the case t = 1. Now, the same argument as used above completes the induction.
Definition and Remark 2.4. The cohomological dimension of an R-module X with respect to an ideal a of R, which is an important invariant of X, denoted by cd a (X) and is defined to be the last integer i for which
In the rest of this section we consider two special cases:
• The case where
In this subsection we assume that R = R 0 [x 1 , · · · , x t ] is the standard graded polynomial ring over a Noetherian ring R 0 , M 0 is an R 0 -module and M := M 0 [x 1 , · · · , x t ] is a polynomial module over R which is graded in the usual way.
The following theorem, in conjunction with its two next results, shows that in order to study the regularity of some graded R-modules with respect to an ideal a 0 + R + it is worth to study the cohomological dimension of some of its graded components with respect to a 0 .
Proof. Since x 1 , · · · , x t is a regular sequence on M so, in view of [13, 3.4] and [3, 2.1.9 and 13.1.10], for all n ∈ Z there are the following isomorphisms of R 0 -modules
Now, for all i ≥ t, according to [3, 12.4.1] , one has the following isomorphisms of graded R-modules
denotes the module of inverse polynomials in x 1 , · · · , x t over X 0 ; so that it has a graded R-module structure such that, for (
The following corollary, which is immediate by the above theorem and [3, 3.3.1], consider a case in which one has equality in 2.3. Corollary 2.6. Assume that a 0 is generated by a regular sequence of length n on M 0 . Then,
Corollary 2.7. Assume that (R 0 , m 0 ) is local and M 0 is Cohen-Macaulay. Then
Proof. The result follows from Theorem 2.5 and [1, 4.1].
Corollary 2.8. Assume that R 0 contains a field and a 0 is an ideal of R 0 which can be generated by monomials in an R 0 -sequence. Then
Proof. The claim can be proved using Theorem 2.5 and [15, 4.3] .
Corollary 2.9. Assume that the base ring (R 0 , m 0 ) is local. Then 
Now, the result follows from Theorem 2.5.
• The case of only one non vanishing local cohomology module: The following proposition studies reg a 0 +R + (M) when M is relative Cohen-Macaulay with respect to R + . Proposition 2.11. Let M be relative Cohen-Macaulay with respect to R + of rank g. Then
Proof. Consider the Grothendieck spectral sequence E i,j
Since M is relative Cohen-Macaulay with respect to R + of rank g, so H j R + (M) = 0, for all j = g. Therefore, in view of the concept of convergence of spectral sequences, we have H i a 0 +R + (M) = 0 for all i < g and there are homogenous isomorphisms
of graded R-modules for all i ∈ N 0 . So, using [3, 13.1.10], we have
which proves the claim.
In Proposition 2.3 we find a general relation between the invariants reg R + (M) and reg a 0 +R + (M).
The following corollary provides another one in a special case. A similar bound was obtained in [6, 3.4] , in the case where R is Cohen-Macaulay.
Corollary 2.12. Let the situation be as above. Also, assume that the base ring
Proof. Considering Proposition 2.11, (i) follows from [2, 2.3] and (ii) follows from the concept of reg R + (M).
In the following theorem we are going to express reg a 0 +R + (M) in terms of some invariants of the minimal graded free resolution of M. As we will see, in a special case, reg a 0 +R + (M) is independent of the choice of a 0 ! Theorem 2.13. Let (R 0 , m 0 ) be local and M and R be relative Cohen-Macaulay with respect to R + of the same rank with p := pd R (M) < ∞. Also, assume that reg a 0 +R + (R) = 0 and let
be the minimal graded free resolution of M. Then
Proof. We use induction on p to prove the claim. If
Now, let p > 0. Then, using [3, 15.2.15(i)], one can see that
where the last inequality follows from the second part of the above corollary and [3, 15.3.1] .
On the other hand, in view of facts that ker(d 0 ) = 0 and cd R + (ker(d 0 )) ≤ cd R + (R) and the
is relative Cohen-Macaulay with respect to R + of the same rank as R. So, using inductive hypothesis, we have
which in conjunction with ( * ) implies that
Now, the result follows by induction.
Cohomological Dimension
As we have seen in Section 2, in order to calculate the regularity of a finitely generated graded module over some standard graded ring with respect to an ideal containing the irrelevant ideal, we need to calculate some cohomological dimensions. In this section, we are going to study this invariant in some cases.
Definition 3.1. Let (R, m) be a local ring of positive characteristic p. Also, assume that for all s ∈ N, F s denotes the R-homomorphism induced by the s-th power of frobenius homomorphism
it is a homomorphism of abelian groups such that f (rx) = r p s x for all r ∈ R and all x ∈ H i m (R)). Then, following [11] , the F-depth of R is defined to be the smallest i such that F s does not send H i m (R) to zero for any s. We denote this number by F-depth L (R).
Let (R, m) be a regular local ring of positive characteristic and a be an ideal of R. Then, in view of [11, Theorem 4.3] , we have cd a (R) = dim(R)−F-depth L (R/a). So, the cohomological dimension may differ depending on the characteristic of the ring, for an example see Section 5 of [11] . In the next theorem we are going to generalize this result to some special ideals in a Cohen-Macaulay local ring of positive characteristic. 
Now, the result follows using the concept of F-depth. Proof. Since cd a (R) = cd aR (R), in view of the previous lemma and replacing R withR, we may assume, in addition, that R is a complete local ring. Now, using the above remark, R is a Therefore, R is a freeŔ-module. Which implies that ϕ is a faithfully flat homomorphism. Also, by the assumption on a we have (a ∩Ŕ)R = a. So, the natural homomorphisḿ (ii) R and a be as in Theorem 3.4.
